Solution 3 by Arkady Alt, San Jose, CA

First note that f (z)- f(y) # —1 for any =,y € R.

. o (3 2 (2
Since f (z) = f (5 + 5) - % = 1f (@) = —1+\‘ f%% ;
2

and then we have (‘f(g)‘—l)QEO = M<l = |f(x)] <1

If we suppose | f (z9)| = 1, for some zp, then

f (%)’ =1 and f (x) becomes a constant

function. Indeed, if f (z9) = 1, then for any = € R we have [ (z + z¢) = % =1,
because f(x) = f(z)- f(xo) # —1.
If f(xg) = —1, then for any x € R we have f(x+x9) = % =—1,

because —f (z) = f(z)- f (xo) # —1. Thus, |f(z)] <1 <= —1< f(x) <1 for any z.

Also solved by Dionne Bailey, Elsie Campbell, and Charles Diminnie, San Angelo
TX; Paul M. Harms, North Newton, KS; Enkel Hysnelaj, Sydney Australia
jointly with Elton Bojaxhiu, Kriftel, Germany; Kee-Wai Lau, Hong Kong, China;
David Manes, Oneonta, NY; Adrian Naco, Polytechnic University, Tirana,
Albania; Paolo Perfetti, Department of Mathematics, University “Tor Vergata
Roma,” Ttaly; Boris Rays, Brooklyn, NY; Albert Stadler, Herrliberg,
Switzerland; David Stone and John Hawkins, Statesboro, GA; Titu Zvonaru,
Comanesti, Romania and Neculai Stanciu, Buzau, Romania, and the proposer.

5205: Proposed by Ovidiu Furdui, Cluj-Napoca, Romania

Find the sum,

1 1 —1)n1 1
Z(l——+— '+L—ln2>-lnn+ :
=t 3 n n

Solution 1 by Kee-Wai Lau, Hong Kong, China

For each integer m > 1, is easy to prove by induction that
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Since
11 (=1)m—1
R R S A P!
‘ 2+3+ + - n
B 1 ( m+1 m+1 m+1 >< 1
T om+1 m+2 m+3 m+4 m-+1’
SO

m—00 2 3

11 —1)m!
lim (1——+—+---+L—ln2>ln(m+1)=0.
m

It is known [ E. R. Hansen: A Table of Series and Products, Prentice-Hall, Inc., 1975, p. 288

l In2)?2
entry (44.1.8)] that Zﬂ (In2)
n=2

=~vln2— , where ~ is Euler’s constant. Hence the

In2)?
sum of the problem equals yIn2 — % =0.1598....

Solution 2 by Paolo Perfetti, Department of Mathematics, University “Tor
Vergata Roma,” Italy

Bywritingqnzl—%+%+...+$—ln2theseriesis

o]

n+1
anln :Z (gnIn(n+1) — gu—11nn) + Inn(gn—1 — qn))
n=1 n=1

Z(qn In(n+1) —gp—1lnn) = Jim gy, In(n +1).

n=1

The series

i (=1
n=1 n
is Leibniz and converges to In 2 thus it satisfies

T -1
(_1)7l 1
n2-), n ST

n=1

Since this is a well known property of all Leibniz series present in all books on the subject, we
omit it. The immediate consequence is

nh_)ngo gnln(n+1)=0.
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‘We remain with

_1)n
n

1
Inn=vIn2— 511122

I
NgE

[e'S)
Z In n(Qn—l - Qn)
n=1

3
Il
A

where 7 is the Euler—Mascheroni constant. Also Z

> (=1)" 1

ulnn =~In2—=1In%2is a well
= n 2
known result. Nevertheless we write it here. For p > 4,

i(_l)klnk_iln2+ Ink X2 In(2k+1)

= k= 2k ok A= 2kl
Zln(2k+1) _2§1ﬁ+7§1n(2k)__2§1M+’§m_2+"11nk
P L = L = = L= L

By summing we get

Now we employ the well known

n
1
Z 7= Inn + v+ o(1). Moreover we observe that
k=1
2p—1

2p 2p—1 .
/ LA Sl / e
p T TS k -1

Inz
(Editor’s note: 'We note that the function — is decreasing for = > e. So
x

k+1 1 Ink k 1
/ —nxdx < il < / —nxdx The claimed inequalities follow by summing over k from
k xz k—1

k=ptok=2p—1.)

thus
2 nk =l ng 1, 5 9
Z—:/ —d:r—l—o() —(In*(2p — 1) — In*p) + o(1)
= k » 2
In? In?p 1 1., 1 In?p
= —5 +—+1n2l In(2p)In(l — —)+=In*(1 — —) — — 1
5 +In2Inp + In(2p) In( 2p)—|—2n( 2p) 5 +o(1)
1
= IlT—i—anlnp—l—o()
We get
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p—1 2p—1 2

In2 In2 In Ink In°2
+—+—p—E T:an(ln(p—l)-i—’y)—T—ln21np+0(1)
k=p

2
= fyln2—nT, as p — o0.

Solution 3 by Anastasios Kotronis, Athens, Greece

We set

fm(x)zi <— :%k—ln(l—x)> In (n:l) T <1,

n=1 k

and we wish to find

m——+oo

For x < 1 we have

k

1—m"’+ 1 )1 <
- n

1—=x 1—=x

1

1 m

= 2" (In(n+1) —Inn)
=1

3
S|+

—
S~

11—z
n—
= 1 3 (T”_l — r") Inn+ 2™ In(m + 1)
T—= x : )+ T )
n=2
m m
= Za:" YInn + In(m + 1).
n=2 -z

So we integrate from 0 to y, where y < 1, to get

m

dx

m n y
fm(!/) = Z % Inn 4+ ln(m + 1) / 11

n=2 0 - T

and set y = —1 to get
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r=—1

Now integrating by parts,

IN

xm

dx

n -1
1 | 1
nn+ Iln(m + )/0 T

tm

1
1 —1)mt 1 / —dt
nn+ (—1) n(m+1) 177

(1)

+ (=)™ In(m +1)B,,.

3

tm+1

1 1 tm+1
T
(m+1)A+t)|, m+1Jo 1+17)
1 1

1 1
dt
2(m+1) T +1 /0 (1+41)2

and for A,,, since it converges from Leibniz Criterion, (see:
http://mathworld. wolfram.com/Leibniz Criterion.html) we can write

and

AQm =

m1—1>I—Ii-loo Am - m1—1>r—ri-loo A2m
2
zm: (1" Inn
n=1 n
i In 2n i In(2n — 1)
n=1 2n n=1 2n—1
ln2m1+1§:ln %”:m iann
2 ~n 2~ n —n — 2n
n=1 n=1 n=1 n=1
" lnn 2% Ilnn
In2H,, Z —_—
n
n=1 n=1
m
m2H,, Z m++ n)
— m+n
" 1 In(1
m2H, — Z nm +T:Ll+;—n/m)
- 1 < In(1+n/m
1H2H —Inm (HQm—H _EZH——H/ZTL)



m 1 1
— Hy,,In(2m) — Hopy Inm — Z n(l+ n/m)

1+n/m
Hy=nm++0(U/m) 19 4 O(1 /m) i:: 11++nr;{;n) 3)
Now with (2) and (3), (1) will give
fm(=1) = yIn2 — /1ln1—|—x ln2—lnT2.

Comment: In fact, one can easily show that

_Zln 14+ n/m) _ln22

1+n/m 2 OQ/m), so

nl

i 11 (=1)n—t n+1\ In?2 1
(1—§+§—---+T—1n2>-ln( - ) fyln2—T+O( lnm).

n=1

Editor’s comment: The sum in (3) is a Riemann sum whose limit as m tends to infinity
equals the Riemann integral.

Solution 4 by Arkady Alt, San Jose, CA
Let h,, = Z k,an— Z L— In2, and S = E anln”Jrl

Note that

n 1 n
kz::laklnkz = > ap(In(k+1)—Ink)

k=1

= > apln(k+1)—> arlnk
k=1

k=1
n+1 n

= Zak_l Ink — Zaklnk
k=2 k=2

n
= apln(n+1)— Z(ak —ag_1)Ink

k=2
no o q\k—1
k=2 L
" (=1)"Ink
= q,l 1 .
anln(n+1)+ )" 3

T
[\
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First we will prove lim a,In(n+1)=0.
n—oo

Since agpy1 = a9y, + then it suffices to prove

2n + 1

nll}n;o as, In (2n+1) = 0.

We have ag, = hop — by, —In2 and, since Inn + v < h, <In(n+ 1) + v, where
v = nh_)n(;o (hn —Inn) is Euler’s constant, then

In2n—In(n+1)—In2<ag, <ln(2n+2)—Inn —In2

n+1 n+1
<~ —In < agp < In -
n+1 1
— |agy| <ln -
1\™ n+1 1
1+—-) <e < In < —.
n n n

Hence, 0 < |ag,|In (2n + 1) < M% yields nh_)rgo M% = 0, and, therefore
nh_)nglo agnIn(2n 4+ 1) = 0.

Thus, S = lim i Spn, Where s, 1= i ﬁ—_l): Ik

n—=0 p—9 k=2

. o _ In(2n+1 . In(2n+1) 9
Since s95,41 = Sop, Sl and nh_r)lgo snr1~ — 0 then S = nll_l)IOlO Son.

N\~ Ink
Let b, := > #F then
k=1

2n k
—1)"Ink
Son = § ( )k?
k=1

- In2k " In (2k — 1)

- Z% z::l 2% — 1

" n2% lnk
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. 2 2
Consider now two sequences (bn - W) and ( n — h‘T”) .
n>1 n>1

In’n

In?(n+1) . . . . . .
—5— is increasing and b, — 5™ is decreasing in n then

Since b,, —

In? 2 <b, n? (n+1) b, In?n

b1 — < 5

<b

and, therefore, both sequences converges to the same limit.

Let 0 = lim (b —"GF) = tim (b, — 22 then

n—y6o 2

2 1 2 2 2 1
In® (n 4+ )<5<bn_1n "o In n+5<bn<ln (n+1)

bn = 2 2 2 2

+d,n € N.

Hence,

In?2n — 1;12 (n+1) < by b, < In? (2n -|-22) —In?n

Bn < bop—b,—1In2-Inn < ay,

In? (2n +2) — In’n
2

In?2n —In? (n + 1)

5 —In2-Inn.

where o, = —In2-lnn and 3, =

Noting that

102 29 — In2 In2(In2+ 21 In?2
%—IHQJHNZ = (n 2+ nn)_ln2~lnn=nT,W60btain

In”2 In” (2n 4 2) — In*2 1 1
lim (ozn—n—> = lim (n (2n+2)—In n) =3 lim ln(n+ >1n(4n(n+1)):0, and
n

n—00 2 2

In?2 In®n — In? 1 1 1
lim (ﬂn—nT>: lim —— & (n+ ):—— lim ln<n+ )ln(n(n—l-l)):(),

This gives us
. . . In%2
nh_)ngo (bop, —bp —In2-1nn) = nll}ngoan = nh_)ngo[)’n ==
Since nh_)rgo (hn —Inn) =7 then
S = nh_)nolc (b, — bon +1n2- hy)

= nh_}nolc (bp, —b2pn +1In2-Inn+1n2- (h, —Inn))

= lim (b, —bop +In2-Inn)+ nli_)ngoln2 “(hp —1nn)

n—oo
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= ln2-<’y—h172>.

Also solved by Adrian Naco, Polytechnic University, Tirana, Albania; Albert
Stadler, Herrliberg, Switzerland, and the proposer.

Editor’s comment: Mea Culpa once again. I inadvertently gave credit to David Stone and
John Hawkins for having solved problem 5199 when they should have been credited for having
solved 5198. And I inadvertently forgot to acknowledge Achilleas Sinefakopoulos of
Larissa, Greece for having correctly solved 5184.
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